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Abstract. Using Kirchberg KKx-classification of purely infinite, separable, 
stable, nuclear C*-algebras with finite primitive ideal space, Bentmann showed 
that filtrated K-theory classifies purely infinite, separable, stable, nuclear C*- 
algebras that satisfy that all simple subquotients are in the bootstrap class 
and that the primitive ideal space is finite and of a certain type, referred 
to as accordion spaces. This result generalizes the results of Meyer-Nest in- 
volving finite linearly ordered spaces. Examples have been provided, for any 
finite non-accordion space, that isomorphic filtrated K-theory does not imply 
KKx -equivalence for this class of C*-algebras. As a consequence, for any 
non-accordion space, filtrated K-theory is not a complete invariant for purely 
infinite, separable, stable, nuclear C*-algebras that satisfy that all simple sub- 
quotients are in the bootstrap class. 

In this paper, we investigate the case for real rank zero C* -algebras and 
four-point primitive ideal spaces, as this is the smallest size of non-accordion 
spaces. Up to homeomorphism, there are ten different connected To-spaces 
with exactly four points. We show that filtrated K-theory classifies purely 
infinite, real rank zero, separable, stable, nuclear C -algebras that satisfy that 
all simple subquotients are in the bootstrap class for eight out of ten of these 
spaces. 



1. Introduction 

The C*-algebra classification programme initiated by G. A. Elliott in the early 
seventies has seen a rapid development during the past 20 years. The notion of real 
rank zero C*-algebras introduced by G. K. Pedersen and L. G. Brown in the late 
eighties has turn out to be of particular interest in connection with classification 
of C*-algebras. Until the mid-nineties most results were concerned with the sta- 
bly finite algebras, when people such as M. R0rdam, N. C. Phillips, E. Kirchberg 
and D. Huang classified some purely infinite, nuclear, separable C*-algebras in the 
bootstrap class. All these had finitely many ideals — in fact, almost all cases were 
either the simple case or the one non-trivial ideal case. D. Huang was also able to 
classify purely infinite Cuntz-Krieger algebras with finite K-theory (implying that 
all the Ki-groups are zero). In contrast to the stably finite case, the positive cone 
of purely infinite C* -algebras carries no extra information, so it was clear from the 
beginning, that to classify non-simple purely infinite C*-algebras one needs to come 
up with a new invariant, which also encodes the ideal structure and the K-theory 
of all ideals and quotients. 

The main ingredients of the proof of N. C. Phillips and E. Kirchberg were the 
UCT of J. Rosenberg and C. Schochet and a result saying that every KK-equivalence 
between (simple, purely infinite, stable, nuclear, separable) C*-algebras can be lifted 
to a ^-isomorphism between the algebras. Shortly after, E. Kirchberg generalized 
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this result to A-equivariant KK-theory, where A is (homeomorphic to) the prim- 
itive ideal space of the C* -algebra. The only ingredient thus missing to classify 
purely infinite, nuclear, separable, stable C*-algebras seemed to be to find the right 
invariant and prove a UCT for A-equivariant KK-theory with this new invariant. 
For the case with one non-trivial ideal, A. Bonkat reproved R0rdams result by pro- 
viding a UCT for this class using the cyclic six-term exact sequence in if-theory. 
The second named author generalized this to two non-trivial ideals by including 
four cyclic six-term exact sequences. R. Meyer and R. Nest, and R. Bentmann 
recently proved that the obvious guess of an invariant gives a UCT for certain ideal 
lattices — the so-called accordion spaces (including, e.g., all C*-algebras with ex- 
actly three primitive ideals). In turn they also provide a series of counter-examples, 
where we do not have a UCT. They actually find examples of stable, purely infi- 
nite, nuclear, separable C*-algebras in the bootstrap class with finitely many ideals 
having isomorphic invariants without being isomorphic. This result seems to be in 
sharp contrast to the stable classification result for all purely infinite Cuntz-Krieger 
algebras with finitely many ideals obtained by the second named author by use of 
methods from shift spaces. 

We find it very likely that the reason that Cuntz-Krieger algebras are classifiable, 
is the restrictive nature of their K-theory. In this paper we examine what happens 
to real rank zero algebras in the cases where the primitive ideal space has exactly 
four points. Moreover, we assume that the space is connected (since otherwise 
the algebras are direct sums of algebras with fewer than four primitive ideals). 
Also, all the basic counterexamples of R. Meyer, R. Nest, and R. Bentmann are 
formulated for algebras with four primitive ideals. Up to homeomorphism, there 
are ten different connected To-spaces with exactly four points. These are 

<D(X 1 )={®, {4}, {1,4}, {2,4}, {3, 4}, {1,2,4}, {1,3, 4}, {2, 3, 4}, {1,2, 3,4}}, 
0(X 2 ) = {0, {4}, {3, 4}, {2, 3, 4}, {1, 3, 4}, {1, 2, 3, 4}}, 
0(X 3 ) = {0, {4}, {3, 4}, {2, 4}, {2, 3, 4}, {1, 2, 3,4}}, 
O(A 4 ) = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3},{1,2,3,4}}, 
O(A 5 ) = {0,{1},{2},{1,2},{1,2,3},{1,2,3,4}}, 
0(X 6 ) = {0, {3}, {4}, {3, 4}, {1, 3, 4}, {2, 3, 4}, {1, 2, 3, 4}}, 
O(A 7 ) = {0,{1},{1,2},{1,2,3},{1,2,3,4}}, 
O(A 8 ) = {0,{1},{4},{1,2},{1,4},{1,2,3},{1,2,4},{1,2,3,4}}, 
O(A 9 ) = {0,{1},{3},{1,3},{3,4},{1,2,3},{1,3,4},{1,2,3,4}}, 
0(X W ) = {0, {2}, {1, 2}, {2, 3}, {1, 2, 3}, {2, 3, 4}, {1, 2, 3, 4}}. 

R. Meyer and R. Nest, and R. Bentmann have proved that the spaces X?, Ag, Xg 
and Xio have a UCT, and thus we can classify stable, purely infinite, nuclear, 
separable C* -algebras in the bootstrap class with these spaces as primitive ideal 
spaces. Moreover they have provided counter-examples for classification for all the 
spaces Xi, X%, A3, A4, A5, X§. In this paper we prove the following 

Theorem 1.1. Let A and B be purely infinite, nuclear, separable C* -algebras of 
real rank zero in the bootstrap class of R. Meyer and R. Nest (cf. [MN09, 4.11],). 
Assume that the primitive ideal space of A and B both are homeomorphic to Xi for 
ani = 1,2,4,5,7,8,9,10. 
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(1) If A and B are stable, then every isomorphism from FK(vl) to FK(B) can 
be lifted to a ^-isomorphism from A to B. 

(2) If A and B are unital, then every isomorphism from FK(A) to FK(£>) that 
preserves the unit can be lifted to a ^--isomorphism from A to B. 

Theorem 1.2. There exist stable, purely infinite, nuclear, separable C* -algebras 
of real rank zero in the bootstrap class of R. Meyer and R. Nest (cf. [MN091 4.11],) 
with the primitive ideal space homeomorphic to A3, which have isomorphic filtrated 
K-theory without being isomorphic. 

where FK denotes the functor filtrated K-theory which will be defined shortly. 

For the case where the primitive ideal space is isomorphic to A 6 there are still no 
counterexamples for the real rank zero case — however our methods do not apply 
as there is no known finite refinement of FK which gives a UCT. 

In general the unital part of Theorem 11.11 follows from the stable part by using 
results from |RR07| . For Xr, Theorem 11.11 is proved by R. Meyer and R. Nest 
in |MN| 4.14], for Xg, X 9 and Xio, it is proved by R. Bentmann in [BenlOl 5.4.2]. 
In Section 2 of this paper we set up notation and prove some preliminary results 
used later in this paper. In Sections 3 and 4 Theorem 11.11 is proved for Xi, X2, 
A4 and A5 (cf. Corollaries 13.91 and 14.61 and Remarks 13.101 and 14. 7p . The proofs 
rely on the result [KirOOl 4.3] of E. Kirchberg that KK(A)-equivalences lift to X- 
equivariant isomorphisms for stable, separable, nuclear, purely infinite C*-algebras 
with primitive ideal space homeomorphic to a finite To-space X. Theorem 11.21 is 
proved in Section [5l 

2. Preliminaries and notation 

In this section, we briefly discuss C*-algebras over a topological space X and the 
invariant introduced by R. Meyer and R. Nest in |MN| called filtrated K-theory. 
We refer the reader to |MN| for details. 

We would like to note that there are other invariants in the literature which 
are closely related to filtrated K-theory. Examples are filtered K-theory and ideal 
related K-theory. It has been proved by R. Meyer and R. Nest in |MN) and R. Bent- 
mann in [BenlQj 5.4.2] that for the spaces Xi that these invariants are naturally 
isomorphic to filtrated K-theory. It is not known if these invariants are naturally 
isomorphic for all finite topological spaces. 

2.1. C*-algebras over a topological space X. A 0*-algebra over a topologi- 
cal space X is a pair (A, tp) consisting of a C*-algebra A and a continuous map 
ip : Prim(A) — > X where Prim(A) denotes the primitive ideal space of A. Assume 
from now on that A is a finite topological space satisfying the To separation axiom, 
i.e., such that {x} ^ {y} for all x,y G A with x ^ y. Let 0(A) denote the open 
subsets of A, and let 1(A) denote the lattice of (two-sided, closed) ideals of A. A 
C*-algebra over A can then equivalently be defined as a pair (A, ip) consisting of a 
C*-algebra A and a map ip: 0(A) — > 1(A) that preserves infima and suprema. We 
then write A(U) for ip(U). 

The locally closed subsets of A are denoted by JLC(A) = {U\V | V, U € 
0(A), V C U}, and the connected, non-empty, locally closed subsets of A are de- 
noted by LC(A)*. For Y e LC(A) we define A(Y) = A(U)/A(V) when Y = U\V 
for some V, U 6 0(A) satisfying V C U. Up to canonical isomorphism, A(Y) does 
not depend on the choice of U and V. 
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For C*-algebras A and B over X, we say that a *-homomorphism ip : A — > B is X- 
equivariant if ip(A(U)) C B(U) holds for all U G 0(X). An extension A ^ B ^> C 
is called X-equivariant if it induces an extension A(C7) M> -» C(£7) for all 

UeO(x). 

E. Kirchberg has constructed X-equivariant KK-theory KK*(X; — , — ), also called 
ideal related KK-theory and here referred to as KK(X)-theory. We denote by 
&R(X) the category of separable C*-algebras over X with KKo(X)-classes as mor- 
phism groups. In [MN09, 3.11], R. Meyer and R. Nest show that the category 
MJi(X) equipped with the suspension automorphism S and mapping cone trian- 
gles as distinguished triangles is triangulated; so mapping cones of X-equivariant 
*-homomorphisms give exact triangles, and so do extensions over X that split by 
an X-equivariant completely positive contraction. 

2.2. Filtrated K-theory FK and the UCT. One defines for each Y G 0{X) the 
functor FKy by FK Y (A) = K*(A(Y")). We write FK Y (A) for K t {A{Y)). In [MN] 
R. Meyer and R. Nest construct commutative C*-algebras Ry over X such that 
KK»(A';7?y, — ) and FKy are equivalent functors. 

By the Yoneda Lemma, cf. [ML98j 3.2], the set NT(Y, Z) of natural transforma- 
tions from the functor FKy to the functor FK^ is then given by KK*(X; Rz, Ry)- 
Given a G KK» (X; Rz, Ry) we denote by a the corresponding element in J\fT(Y, Z) 
given by a M — where — M — denotes the X-equivariant Kasparov product. Given 
/ G AfT(Y, Z), we let / denote the corresponding element in KK*(X; Rz, Ry)- 

The functor FK is then defined as the family of functors (FKy)yglc(x)* to- 
gether with the sets NT{Y, Z) of natural transformations. The target category 
of FK is the category of modules over the ring NT = ©y zglc(X)* N~T(Y, Z). 
A homomorphism WK(A) — > FK(£>) is then a family of homomorphisms (fy) 
that respects the natural transformations. Kasparov multiplication induces a map 
KK«(X; A, B) -> Hom(FK(A),PK(B)), and for A = Ry this map is an isomor- 
phism. 

In [MNJ R. Meyer and R. Nest establish a UCT for KK(A)-theory, i.e., they 
establish exactness of 

ExtJ v - r (FK(A), FK(.B)) «^ KK»(A; A, B) -» Horner (FK( A), FK(B)) 

for A and B separable C* -algebras over X with A belonging to the bootstrap class 
B(X) defined by R. Meyer and R. Nest, cf. |MN09| 4.11], and with FK(A) having 
projective dimension at most 1 as a module over NT- By construction, FK(i?y) 
has projective dimension for all Y G LC(A)*. By |MN09| 4.13], a nuclear C*-al- 
gebra over X belongs to B(X) if and only if its simple subquotients belong to the 
bootstrap class of J. Rosenberg and C. Schochet. 

2.3. Construction of Ry. The C*-algebras Ry are constructed as follows. Define 
a partial order on X by x < y when x G {y}. The order complex Ch(A) is the geo- 
metric realisation of the simplicial set whose nondegenerate n-simplices [xq, ■ ■ ■ , x n ] 
are strict chains xq < ■■■ < x n . Maps m, AT. Ch(A) — > X is then defined by 
the inner of a simplex [xq,... ,x n ] being sent to xq by m and to X n by M. The 
C*-algebras Ry over X are then defined by Ry{Z) = C (m- 1 (Y) n M~ 1 (Z)) for 
all Y,Z G LC(X). 

For Y G liC(X) and U € 0(Y), we then get A-equivariant extensions Ry\u ^ 

Y\U 

Ry -» Ru- The natural transformation given by Ry\u ^ Ry is denoted r Y 
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and called a restriction map, the natural transformation given by Ry -» Ru is 
denoted by i(j and called an extension map, and the natural transformation given 
by Ry\u ^ Ry ->* Ru is denoted by 5y\u an< ^ called a boundary map. For a 
C*-algebra A over X, these natural transformations are the ones appearing in the 
six-term exact sequence induced by the extension A(U) =-> A(Y) -» A(Y\U). It 
is unknown whether there exists finite To-spaces X over which the ring NT is 
not generated by transformations of this form, but for the spaces X\,Xi, . . . ,-Xio 
considered in this paper, this is not the case. 

3. The counterexample of Meyer and Nest 

We now restrict to the space X Y = {1,2,3,4} with 0(Xi) = {0} U {U C Xi \ 
4 G U}. We abbreviate, e.g., {1,2,3} to 123. A C*-algebra A over Xi is then an 
extension of the form A{A) <-+ A -» A(l) © A{2) @A(2>). The ordering on X induced 
by its topology is then defined by i < 4 for all i 6 X\, its Hasse diagram (or, more 
correctly, the Hasse diagram of the inverse order relation) is 

1 2 3 

\t/ 
4 

and LC(Xi)* = {4, 14, 24, 34, 124, 134, 234, 1234, 1, 2, 3}. In [MN] it is shown that 
the ring NT — zslc(Ai)* NT(Y, Z) is generated by natural transformations 
i, r and S that are induced by six-term exact sequences, and the indecomposable 
transformations are of infinite order and fit into the following diagram 




where the six squares commute and the sum of the three transformations from 1234 
to 4 vanishes. 

3.1. The refined invariant. In |MN) . R. Meyer and R. Nest refine the invariant 
FK to an invariant FK'. They prove a UCT for this refined invariant, so for A 
and B in the bootstrap class B{X\) one can lift isomorphisms between FK'(^4) 
and FK'(B) to KK(Xi)-equivalences, and by combining this with the classification 
result [KirOOl 4.3] of E. Kirchberg conclude that it strongly classifies the stable, 
purely infinite, separable, nuclear C*-algebras A that are tight over X\ and whose 
simple subquotients A(4), A(l), A(2) and A(3) lie in the bootstrap class, see |MN1 
5.14, 5.15]. 

In [RR07J, the second and third author showed how one can strongly classify a 
class of unital properly infinite C*-algebras given that the this class are strongly 
classified up to stable isomorphism. Since FK'(-) strongly classifies the class of 
stable, purely infinite, separable, nuclear C*-algebras A that are tight over Xi, by 
Theorem 2.1 of [RR07], FK'(-) together with class of the unit strongly classifies the 
class of unital, purely infinite, separable, nuclear C*-algebras A that are tight over 
X x . 
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The invariant is defined by constructing a C*-algebra -R12344 over X\ and adding 
KK*(Xi; i?i2344, — ) to the family of functors. The indecomposable transformations 
in the larger ring NT' — y zglc(Ai)*u{12344} NT(Y, Z) fit into the following 
diagram: 



(1) 



The C*-algebra -R12344 is the mapping cone of a generator of the cyclic free group 
A/T(234, 14) and its filtrated K-theory is 





(2) 



where the three maps ilfi 4 are given by the three coordinate embeddings Z — > 
Z 3 /(l, 1, 1), the three maps r^ 234 are given by the three projections Z 3 /(l, 1, 1) — > 
Z 2 /(l, 1) onto coordinate hyperplanes, and the three maps 6% are the identity. 

Lemma 3.1. Assume that FKy(A) and FKy(i?i2344) are isomorphic for all Y G 
LC(Xi)* and that i 1 ^ © : FK 12i (A) © FKi 34 (A) -» FKi 234 (A) is an isomor- 
phism. Then FK(A) and FK(i?i2344) are isomorphic as NT -modules and A and 
-R12344 ore KK(Xi)-equivalent. 

Proof. Define for each Y G hC(X)* an NT-module P Y as Py(Z) = NT(Y,Z). 
Then P Y is freely generated by idy G Py(Y) as an AAT-module. Define j : P1234 — >• 
P124 © P134 © ^234 by / ^ fi\lf + + fi\ff. Then FK(i? 123 4 4 ) is isomorphic 

to coker j as NT- modules, cf. |MN[ Section 5], with imj generated by 



1234 



;1234 
*134 " 



,■1234 
'234 • 

Hence an TVT-morphism FK(i?i2344) — > FK(A) can be defined by choosing el- 
ements g Y G FK Y (A), Y G {124,134,234}, satisfying i^f^m) + ii$?(gvu.) + 
*2§4 4 (ff234) = 0, and defining the map by idy i~> g Y for Y G {124,134,234} and 
expanding by TVT-linearity. 

If gy generates FK Y (A) for all Y G {124, 134,234}, then the morphism will be 
an isomorphism: it is automatically bijective FKz(-Ri2344) — > FKz(A) for Z G 
{124,134,234}, by the assumptions in the lemma it is therefore surjective and 
hence bijective for Z — 1234, and by exactness it then follows that it is bijective 
for Z G {1, 2, 3} whereby bijectivity for Z = 4 also follows, cf. the Diagram ©. 



Let g Y be a generator of FK Y (A) for Y G {124,134,234}. Since i\^ A © i\lf 
is an isomorphism, FKi234(^4) is spanned by i 12 4 4 (gi24) and «i34 4 (<7i34) so we may 
write «234 4 (5234) 



_ ^,,1234/ 



124 (5124) + ni\l% (3134) for some m,n G Z. Since FK 34 (t4) 



0, FK 24 (A) = and FKi 4 (A) = 0, the four maps r| 34 : FK 23 4(-4) -> FK 2 (A), 



' 234 • 



FK 234 (A) -> FK 3 (j4), r? 24 : FK 124 (A) -> FK 2 (A) and r 3 34 : FK 134 (A) 
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FKs(A) are isomorphisms, so ?~i24(<?i24) and ^234(5234) = "^124(5124) both generate 
FK 2 (A), and ^34(3134) and r% M (g 23 i) = rw 3 34 (gi34) both generate FK 3 (A), so 
m,n G {±1}- By replacing (7124 with — mgi24 and (7134 with —ngi34 the required is 
fulfilled. 

In the discussion after the proof of Lemma 5.9 in |MNj . we have that the natural 
homomorphism from KK(Xi; #12344, ^4) to Hom(FK(i?i2344), FK(A)) is an isomor- 
phism. Since FK(A) and FK(i?i2344) are isomorphic as A/"T-modules, we have that 
A and #12344 are KK(Xi)-equivalent. □ 



Lemma 3.2. There exists an exact triangle 

#1234 #12344 




#124 © #134 © #234 



satisfying that ip = (i 12 4 4 , «i34 4 , «234 4 ) e ® A/"T(ij'4, 1234), that n generates the 
group 7VT(1234, 12344), and that 1 = (/ 124 , / 134 , / 234 ) G A/T(12344, ijA) with 
each generating AfT (123 44, ijA) respectively. 

Proof. Let ip: -R1234 — > #124 © #134 ffi #234 be given by restriction to subsets; then 
(p = (ii24 4 j *i§4 4 j *2§4 4 )- Constructing the mapping cone (A)^ of tp, we get an exact 
triangle 

#1234 ° 




#124 ffi #134 ffi #234 

and by applying KK*(Xi; Ry, — ) = FKy and calculating FKy(ip), one sees that 
FK Y (S < A )ip ) and FK y (i?i 23 44) are isomorphic for all Y G LC(Xi)*, cf. Diagram ©. 

Furthermore one sees that FKj^i) are isomorphisms, and that FKi234(t) is 
surjective as FKi234(y) is injective and (using standard generators) is given by 
Z 3 x i-» (x, x, x) G Z ffi Z © Z. Using that FKy(i) respects the natural transfor- 
mations, and that the natural transformation FKi24(0 Riji) © FKi34(0 Riji) —> 
FKi 234 (0 Riji) is given by Z ffi Z 3 (x, y) i-> (x, y, 0) G Z ffi Z ffi Z (using standard 
generators), one can then check that FKi 2 4(Sq ¥) ) ffiFKi3 4 (S<A,^) — > FKi 2 34(S<A )l p) 
is an isomorphism. Hence and #12344 are KK(Xi)-equivalent by Lemma |3. II 

Therefore tt and 1 induce natural transformations, and since all the involved 
groups of natural transformations are cyclic and free, we may write tt = n/1234 
with / 1234 generating WT(1234, 12344) and 1= (n jj4 / ij4 ) with / ij ' 4 generating the 
group A/T(12344,ij4). 

ThenFK u4 (t) = n m FKy 4 (/ ij ' 4 ), since FK lj4 (#i24ffi#i34ffl#234) = I K, , ;i //, , ; ). 
so as FKy4(i) is an isomorphism Z — > Z, we see that mji = ±1. 

But FKy (tt) = for all Y. However, since FK i j 4 (ii!i234) = and FKi 2 34(#i234) = 
Z, we get by applying KK*(Jfi; — , #1234) to the exact triangle that tt = n/1234 on 
#1234 is an isomorphism Z — )• Z[l], hence n = ±1. □ 
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Lemma 3.3. There exists an exact triangle 

-R12344 ■* R4 




R14 © R24 © R34 



satisfying that (p = (i| 4 , i| 4 , i| 4 ) € 0jVT(4,fc4), that I generates A/T(12344, 4), 
and £/ia£ 7f = (/14, /24, /34) S ©A/"7"(A;4, 12344) wrf/i eac/i generating the group 
A/T(/c4, 12344) respectively. 

Proof. Let i?i4 © R24 © -R34 — ► M%(R±) be given by restriction to subsets such 
that (p = (i 4 4 , i 4 4 , i 4 4 ) and construct the mapping cone (A)^ of (p. By calculating 
FKy((/3) and by applying FKy to the mapping cone triangle 

<A>ip R4 



R\4 © i?24 © -R34 

we see that FKy^) S FKy(i? 12344 ) for all F 6 LC(Xi)*. 

Furthermore we see that FK^i) and FK^(7r) are isomorphisms, and that FK i:) - 4 (7r) 
and FK 12 34(7r) are injective as FKy 4(1/?) and FK 123 4((^) are surjective and (by 
using standard generators) are given by Z © Z 9 (x, y) H» x + y G Z respectively 
Z © Z © Z 9 (x, y, z) ^ x + y + z e Z. 

Using that FKy (77) respects the natural transformations, and that the natural 
transformation FKi 24 (0 Rhi) ©FKi 34 (0 R kA ) -> FKi 234 (0 i? fc4 ) is given by (Zffi 
Z)®(Z©Z) B (x,y,z,w) H» (ir+z, y, ic) <E Z©Z©Z (using standard generators), one 
can then check that FKi 2 4(<A )V j) © FKi34(<A> v ) — > FK^^iA)^) is an isomorphism. 
Hence (A)^ and i?i 23 44 are KK(A"i)-equivalent by Lemma 13.11 

Therefore ir and 1 induce natural transformations, so we may write I — nf A 
with / 4 generating A/ V T(12344, 4) and 7f = {nkifki) with fk4 generating the group 
A/T(fc4, 12344). 

As FK4(t) = nFK4(/ 4 ) is an isomorphism Z — > Z[l], we see that n = ±1. And 
as FK fc (i?i4 © i? 24 © i? 34 ) = FK k (R k ), we see that FK fc (7r) = nfc4FK fe (/ fc4 ), so as 
FKfe(7r) is an isomorphism Z — > Z, we see that nti = ±1- D 

Lemma 3.4. There exist natural transformations /14, / 2 4, / 3 4, / 124 , / , f such 
that (f ki ) = 7VT(fc4, 12344) and (f 1 ^) = A/T(12344, ijA) and such that the se- 
quences 

FK 1234 (A) J^ll 5 ^U FK 12344 (A) 



and 



FK 124 (T) © FK 134 (A) © FK 234 (vl) 



FK 12344 (A) _Jk ™ jmni > FK 4 (A) 




FK 14 (A) © FK 24 (A) © FK 34 (A) 
are exact for all C* -algebras A over X\ and all m, n S {1, 2, 3} with m ^= n. 
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Proof. This follows from Lemmas l3.2l andl 3.3l bv applying KK*(Xi; — , A) and using 
that by the Diagram {1} the transformation fm^T ^n r i234 generates the group 
A/T(1234, 12344) and <^r™ n4 / ron4 generates A/T(12344, 4). □ 

3.2. A classification result. 

Proposition 3.5. Let A and B be C* -algebras over X\ and assume that the maps 
6^: FK™ (A) -> FK 4 _n (yl) and 5f n : FK^(B) ¥K\~ n {B) vanish for some m £ 
{1,2,3} and some n 6 {0, 1}. Then any homomorphism ip: FK(A) — » FK(B) can 
be uniquely extended to a homomorphism ip' : FK (A) — ¥ FK'(B). Furthermore, if 
ip is an isomorphism then so is ip' . 

Proof. Let ip: FK(A) — > FK(B) be a homomorphism. We may extend it by defining 
V12344 : FKi2344(A) — > FKi2344(-B) by the following diagrams: 

FK 123 " 44 (A) FK 124 "(A) © FK 134 "(A) © FK 234 "(A) PK^(A) 

V 1 2 4* ® V 3 1 3 A ® V 3 2 3 4™ 



1284 4 



(/ lj4 ) 



1231 



FK 12 7 44 (B) FK{ 2 - 4 "(i?) © FK} 3 - 4 "(i?) © FK 234 ™(5) FK^(B 



FK"(v4) FK™ 4 (A) © FKJ 4 (A) © FK 3 \(A) -^l FK? 2344 (A) 



¥>14W24©V 3 4 



"^12344 



i 



FKJ(B) FK? 4 (B) © FK^B) © FK n 4 (B) FK" 2344 (B) 

By Lemma [3. 41 the four horizontal sequences in the diagrams are exact, hence ^12344 
is well-defined and is bijective if cp is an isomorphism. 

By construction <p™ 2344 respects the natural transformations /j. 4 and f^Sn re ~ 
spects the naturals transformations /*-? 4 . Since (/ y4 ) is injective on FK^^^i?) 
and since (fkd) is surjective on FK™ 2344 (A), it suffices to check that 

= (f m )fk4vl7 l and <- 4 / y ' 4 (/ fc4 ) = r'VlW/^). 

And this holds by construction of 1^12344 as 

P^fkA^fkA — ipijif 1 -' 4 fki 

since f iji f k A £ MT{kA,ijA). 

Since the natural transformations in FK' are generated by the natural trans- 
formations in FK together with the natural transformations /j. 4 and / tJ , we see 
that the extended ip respects all the natural transformations in FK', hence it is an 
A/T'-morphism between FK'(A) and FK'(B). □ 

Observation 3.6. A separable, nuclear, purely infinite, tight C*-algebra A over a 
finite To-space X is of real rank zero if and only if the boundary map 5y\ jj vanishes 
on K (A(Y\U)) for all Y G LC(A) and all U G 0(Y). This follows from the 
fact that all Kirchberg algebras have real rank zero combined with the following 
result of L. G. Brown and G. K. Pedersen, cf. [BP91, 3.14]: Given an extension 
/ B -» B/I of C*-algebras, B has real rank zero if and only if / and B/I have 
real rank zero and projections in B/I lift to projections in B. 
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Corollary 3.7. Let A and B be C* -algebras in the bootstrap class over X\ and 
with A of real rank zero. Then any isomorphism between FK(A) and FK(_B) lifts 
to a KK(Xi) -equivalence. 



Proof. Since A is of real rank zero, 6$: FK°(^4) -> FK\(A) vanishes by |BP911 
3.14], and since FK(A) and FK(B) are isomorphic, #f: FK Q 2 (B) -4 FK\(B) also 
vanishes. By Proposition 13.51 the isomorphism therefore lifts to an isomorphism 
between FK'(A) and FK'(B), and by [MNl 5.14] this lifts to a KK(Xi)-equivalence. 

□ 



Definition 3.8. Let A and B be unital C*-algebras over X. Then <p : FK(A) -> 
FK(_B) is a homomorphism that preserves the unit if ip is a homomorphism of 
NT- modules and <^x([1a]) = [1b] in FK X {A) = FK X {B). We say that (p is an 
isomorphism that preserves the unit if ip is an isomorphism of A/"7"-modules that 
preserves the unit. 



Combining this with |KirOQ[ 4.3] and [RR071 2.1,3.2], we obtain the following 
corollary. 

Corollary 3.9. Let A and B be separable, nuclear, purely infinite C* -algebras that 
are tight over X\ and whose simple subquotients lie in the bootstrap class. Assume 
that A has real rank zero. 

(1) If A and B are stable, then every isomorphism from FK(A) to FK(i?) can 
be lifted to a ^-isomorphism from A to B. 

(2) If A and B are unital, then every isomorphism from FK(A) to FK(£>) that 
preserves the unit can be lifted to a ^--isomorphism from A to B . 

Remark 3.10. The space X4 = X° p has been studied in [BKJ where it is shown 
that the indecomposable transformations for Xj° p are 




234 34 

! 234 — 134 24 — ^ 4 — o^- 2 — 1 234 
124—^14 '3 




It is straightforward to copy the methods of Meyer and Nest in [MNJ to construct a 
refined filtrated K-theory for which there is a UCT; for X° p the extra representing 
object is the mapping cone of a generator of 7V7~(14, 234). The methods we used 
for the spaces X% apply to Xi P as well since the boundary maps S are placed in 
similar places in the structure diagrams for NT of X^ p . 



4. Another counterexample 

Consider the space X 2 = {1, 2, 3, 4} with 0(X 2 ) = {0, 4, 34, 234, 134, X 2 }. Then 
1 < 3, 2 < 3 and 3 < 4, LC(X 2 )* = {4,34,234,134,1234,3,23,13,123,1,2}, and 
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t 



The indecomposable transformations in the category NT have been studied in 
detail in [BenlOj 6.1.2] and are the maps in the following diagram: 




As with the first counterexample, there exists a refinement FK' of FK for which 
there is a UCT, cf. [B enlOl 6.1], so for A and B in the bootstrap class B{X2j one 
can lift an isomorphism between FK'(A) and FK'(B) to a KK(X2)-equivalence. 

For X2 one constructs an extra representing object -R12334 as the mapping cone 
of a generator of the cyclic free group NT(23, 134), and its filtrated K-theory is 
then 





Z 2 — V z[l] -i*- Z[l] 




where the three maps i\l 3 , 1*1234 and are given by the three coordinate embed- 
dings Z -> Z 3 /(l, 1, 1), the three maps ^123' ^123 r i23 ar ^ given by the three 
projections Z 3 /(l,l, 1) — > Z 2 /(l,l) onto coordinate hyperplanes, and the three 
maps Sf 4 , i| 4 and 5% 4 are the identity. 

Since pd(FK(i?i2334)) = 1, we see that for any C*-algebra A over X2 that lies in 
the bootstrap class over X2, A and i?i2334 will be KK(X2)-equivalent if and only 
if the groups FKy(A) and FKy(i?i 2 334) are isomorphic for all Y G hC(X 2 )* and 
the natural transformation FKi3(A) © FKi234(A) — > FKi23(A) is an isomorphism, 
cf. Lemma 13.11 The indecomposable transformations in the rin g NT' fit into the 
following diagram: 

(3) 
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4.1. The refined invariant. 

Lemma 4.1. There exists an exact triangle 

Rl23 ~* ° -Rl2334 




-Rl3 © -Rl234 © R23 



satisfying that tp — (i\ 23 , ^12347 *2 3 3 ); ^at ir generates the group A/"7"(123, 12334), 
and that I = (/ 13 , J 1234 , / 23 ) with f Y generating A/T(12344, Y). 

Proof. Let (p : i?i 23 — > R13 93 -R1234 ffi R23 be given by inclusion respectively restric- 
tions to subspaces, such that (p ~ (i\ 23 , rj| 3 4 , i^ 23 ). The proof is similar to the proof 
of Lemma \3. 2 1 Here FK(i?i2 3 ) is used to establish that 7f is a generator, and FKy 
is used for f Y . □ 

Lemma 4.2. There exists an exact triangle 

Ri 2334 "* -R34 



i?134 © R3 © -R234 

satisfying that (p — (i 3 34 , r| 4 , « 234 ), that I generates jVT(12334, 34), and that tt = 
(/i34i /3? /234) wii/i eac/i /y generating the group NT(Y, 12344) respectively. 

Proof. Let <p: i?i 3 4 © i? 3 © -R234 — ► ^3(^34) be given by inclusions respectively 
restriction to a subspace, such that (p — (z^ 4 , r| 4 , i 2 | 4 ). The proof is similar to the 
proof of Lemma HOI Here FK4 is used to establish that I is a generator, and FKy 
is used for fy. □ 

Lemma 4.3. There exist natural transformations /134, /3, /234j f 13 , f 1234 , f 23 such 
that (f Y ) = MT(Y, 12334) and (f Y ) = A/T(12334, Y") and such that the sequences 

f i 134 8 i 

FK 123 (A) -^Ho^^ FK 123 34(A) 

(-123 123 >Y^ 3 f 1234 f 23s l 

V i 13''l234' i 23J^ **■ \J >J >J J 

FK13CA) © FK 1234 (A) © FK 23 (A) 



FK 12334 (A) — L- S 23 > FK 34 (A) 



(/l34,/ 3 ,/234>\ ^af^L.^f) 



FK 134 (A) © FK 3 (i4) © FK 234 (v4) 
are e:mcf /or a// C* -algebras A over X 2 . 

Proof. This follows from Lemmas 14.11 and [ 4 . 21 by applying KK*(X 2 ; — , A) and using 
that by the Diagram (J3J) the transformation /i 3 4Z4 34 (5 4 23 generates A/"T(123, 12334) 
and the transformation r| 4 <5f 23 ^§ 3 / 23 generates A/T(12334, 34). □ 



FILTRATED K-THEORY FOR REAL RANK ZERO C*-ALGEBRAS 



13 



4.2. A classification result. A slightly more general result, like the result in 
Section 13. 2\ can be obtained, but we state a weaker result to ease notation. 

Proposition 4.4. Let A and B be C* -algebras over X 2 and assume that A and 
B have real rank zero. Then any homomorphism ip: FK(A) — > FK(B) can be 
uniquely extended to a homomorphism ip 1 : FK (A) — > FK'(_B). Furthermore, if tp 
is an isomorphism then so is ip' . 



Proof. The proof is similar to the proof of Theorem 13.51 Since A and B have real 
rank zero, Sf 23 : FK° 123 (A) -» FK\(A) and Sf 23 : FK° 123 (B) ->■ FK^S) vanish, so 
by Lemma 14.31 the horizontal sequences in the following diagram are exact 



FK\ 2334 (A) 



FK^ffiFK^^ffiFK^A) 



FK} 23 (A) 



: ^12334 



Vl3©¥'l234ffi¥'23 



Vl23 



FK 



12:::! 1 



(B) 



FK\ 23 (B) 



FK° 4 (A) FK? 34 (.4) © FK° 3 (A) © FK° 234 (A) 



FK 12334 (A) 



FK°(£) 



Vl34©¥'3©¥'234 



^12334 



FK% i {B)@FKl{B)®FK° 2U {B) 



FK 12334 (B) 



so we may recover FK} 2334 as the kernel of (i{ 3 3 , r\ 234 , i{ 3 3 ) and FK 12334 as the 
cokernel of (i 34 4 , r 34 , i 34 4 ), as in the proof of Theorem 13.51 □ 



Corollary 4.5. Let A and B be C* -algebras in the bootstrap class over X 2 and 
assume that A has real rank zero. Then any isomorphism between FK(v4) and 
FK(_B) lifts to a KK(X 2 )-equivalence. 

Proof. Since FK(A) and FK(B) are isomorphic, 5f 23 : FK° 123 (B) ->• FK^(S) van- 
ishes, so the proof of Proposition 14.41 applies, hence the isomorphism lifts to an 
isomorphism between FK'(A) and FK'(B) and by jBenlOi 6.1.22] this lifts to a 
KK(X 2 )-equivalence. □ 



Corollary 4.6. Let A and B be separable, nuclear, purely infinite C* -algebras that 
are tight over X 2 and whose simple subquotients lie in the bootstrap class. Assume 
that A has real rank zero. 

(1) If A and B are stable, then every isomorphism from FK(A) to FK(B) can 
be lifted to a * -isomorphism from A to B. 

(2) If A and B are unital, then every isomorphism from FK(A) to FK(£>) that 
preserves the unit can be lifted to a ^--isomorphism from A to B . 
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Remark 4.7. The space A5 = X° p has been studied in [BKJ where it is shown 
that the indecomposable transformations for X op are 




123 — ^- 1234 



4 — o-^ 123 



As with X op , cf. Remark l3.10| it is straightforward to copy the methods of Meyer 
and Nest in |MN| to construct a refined filtrated K-theory for which there is a 
UCT; for X° p the extra representing object is the mapping cone of a generator 
of A r T(134, 23). And as with A° p , the methods we used for the spaces X\ and 
X2 apply to X^ since the boundary maps 5 are placed in similar places in the 
structure diagrams for NT of X° p . 



5. A THIRD COUNTEREXAMPLE 

Consider the space A 3 = {1,2,3,4} with 0(X 3 ) = {0, 4, 24, 34, 234, X 3 }. Then 
1 < 2, 1 < 3, 2 < 4, 3 < 4, LC(A 3 )* = {4, 24, 34, 234, 1234, 123, 12, 13, 1, 2, 3} and 
its Hasse diagram is 

1 

/ \ 
2 3 

\ / 
4 

The indecomposable transformations in the category NT have been studied in 
detail in [BenlO, 6.2.2] and are displayed in the following diagram: 



12 — o-^ 34 3 




13 — 24 2 



The methods used for the spaces X\ and X2 do not apply to A3 since the bound- 
ary maps S are placed radically differently in the structure diagram for NT of A3. 
In fact, for this space A3 there does exist tight, nuclear, separable, purely infinite 
C*-algebras A and B over A3 of real rank zero that are not KK(A3)-equivalent but 
have isomorphic filtrated K-theory. 

Proof of Theorem The construction is similar to the one of R. Meyer and 
R. Nest in |MN[ p. 27ff] and some of the details are carried out in |BenlO[ 6.2.4]. 
Put Py{Z) = NT(Y, Z). Consider the injective map j : P234 -» P24©-Pi[l]©P34 in- 
duced by three generators of the groups A/T(24, 234), NT(l, 234) and A/T(34, 234), 
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and let M denote the cokernel. Let k > 2 and put Mk = M ® Z/fc. Then Mk is 
.0; o—^z/k Z/k 




Z/fc[l] — (Z/fc) 2 



•Z/fc- 



•Z/fc 



Z/fc 



and has projective dimension 2, and 

»- P 23 4 »- P 23 4 © P 2 4 © A [1] © P 3 4 ' 



P 2 4©Pl[l]©P 



34 



M k 



■0 



is a projective resolution of Mfc. Notice that the boundary maps from even to odd 
parts in vanish. There exists in the bootstrap class over X 3 a C*-algebra 
with FK(A k ) = M k , see jBenlOi 6.2.4] for details. Let 



■Qi 



Qo 



be a kerFK-projective resolution which is a lift of the above projective resolution 
of Mk, and let 



A k =N () 



No 



Po 



Pi 



P2 



be its phantom tower. Then 7V 2 =kk(x 3 ) Q2 and the composite map Ak — > N2 lies 
in (kerFK) 2 . Construct B as the mapping cone of Ak — > A^ 2 . Then B and Ak®SN2 
are not K K(X 3 )-equivalent but have FK(B) = FK(^ fe )®FK(7V 2 )[l] = M fc ©P 234 [l]. 
See |MN1 4.10, 5.5] for more details. 

Since all KK(X3)-equivalence classes in the bootstrap class over X3 can be rep- 
resented by tight, stable, nuclear, separable, purely infinite C*-algebras over X3, 
cf. |MN1 4.6], we can find such C and D with C ~ K k(x 3 ) B. D =kk(x 3 ) A k ® SN 2 
and FK(C) ^ FK(D) ^ FK(P). Since P 234 [l] is 




we see that the boundary maps from even to odd parts in FK(P) vanish, so C and 
D will be of real rank zero as their simple subquotients are Kirchberg algebras and 
therefore of real rank zero, cf. Observation 13.61 □ 



Remark 5.1. The real rank zero counter-examples for the space X3 have torsion 
in both even and odd degrees. In |ABK| . it is shown that for real rank zero C*-al- 
gebras over X3 with free Ki-groups, isomorphisms on a reduced filtrated K-theory 
lift to KK(X3)-equivalences. This reduced filtrated K-theory is defined in |ABK| by 
disregarding parts of the information in filtrated K-theory, and it is equivalent to 
the reduced filtered K-theory defined by the second named author in [Res06, 4.1]. It 
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is unknown whether isomorphisms on FK lift to KK(A3)-equivalences under these 
conditions. 

Remark 5.2. The space Xq has been studied in [BcnlO] where R. Bentmann fails 
to construct a finite refinement of filtrated K-theory over Xq that admits a UCT 
and remarks that it seems unlikely that such a finite refinement exists. So our 
method cannot be applied for the space Xq. In [BcnfOj, R. Bentmann constructs 
separable, stable, nuclear, purely infinite, tight C*-algebras A and B over Xq that 
have isomorphic filtrated K-theory and are not KK(Xg) -equivalent. One can check 
that the boundary map FKi(A) — > FK3(A) does not vanish in either degrees, so 
neither A and B nor the suspensions S A and S B have real rank zero. So there is 
so far no known real rank zero counter-example for Xq. 
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